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NATIONAL AERONAUTICS AND SPACE AEMINISTRATION 

TECHNICAL NOTE D-2025 

THE NONLINEAR ~ S P O N S E  OF WINDOWS TO RANDOM NOISE?+ 

By Henry S. Freynik, Jr. 

SUMMARY 

The stress response of a 36-inch-square, 1/8-inch-thick window-glass p l a t e  
mounted i n  put ty  on wooden frames w a s  measured in to  t h e  nonlinear range f o r  both 
uniform s t a t i c  pressure and f o r  random noise. It w a s  determined from the  s t resses  
and frequencies tha t  t h i s  edge mounting approximated simply supported conditions. 
The measured center s t resses  were i n  agreement with the  nonlinear theory f o r  
s t a t i c  loading. The locat ion of the  maximum t e n s i l e  stress i n  the p l a t e  was 
observed t o  migrate away from the center of t he  p l a t e  along the diagonals; t h i s  
result was not anticipated by the  available theore t ica l  analyses. 

The peak t e n s i l e  s t r e s ses  a t  t he  center of t he  p l a t e  exposed t o  random noise 
were compared with theore t ica l  stresses estimated by t h e  procedure of Miles. Good 
agreement was observed a t  low noise l eve l s  where the  p l a t e  response w a s  approxi- 
m a t e l y  l inear .  A t  higher noise l eve l s  the  response became increasingly nonlinear 
i n  a hard-spring manner, and hence the  theory overestimated the  ac tua l  s t resses .  

INTRODUCTION 

A general research program i s  current ly  i n  progress a t  t he  NASA Langley 
Research Center t o  study the  noise-induced damage t o  ground building s t ruc tu ra l  
components. This problem w i l l  be important i n  the  operation of fu ture  large 
ground-launched space exploration vehicles f o r  which intense noise f i e l d s  w i l l  
extend over large areas around the  launch s i t e ,  and f o r  which t h i s  radiated noise 
energy w i l l  peak i n  the frequency range corresponding t o  the  na tura l  vibrat ion 
modes of ground building s t ructures .  
required f o r  use i n  es tabl ishing c r i t e r i a  f o r  t he  locat ion of launch si tes t o  min- 
imize  possible damage i n  surrounding communities. A p o s s i b i l i t y  of window break- 
age due t o  t h i s  radiated booster noise has l ed  t o  an invest igat ion of stresses i n  
a residential-type window exposed t o  high-intensity random noise. This report  
presents  the  measured results of t h i s  invest igat ion and makes some comparisons 
with theory. 

Basic building response data  are thus 

- .- 

*Some of t he  information i n  t h i s  report  w a s  previously included i n  an a r t i c l e  
by the  author e n t i t l e d  "Response of Windows t o  Random Noise," published i n  Sound, 
vol.  2, no. 3, May-June 1963, pp. 31-33. 
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span of square p l a t e  

plate surface area, a 

modulus of e l a s t i c i t y  

na tura l  frequencies 

st  i f  fne s s 

integers  

uniform pressure 

atmospheric pressure (14.7 lb/sq in . )  

plate thickness 

volume 

enclosure volume 

r a t i o  of spec i f ic  heats  (1.4 f o r  air) 

damping as f r ac t ion  of c r i t i c a l  damping 

s t r a i n  

Poisson's r a t i o  

stress 
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TEST SPECIMENS AND PFELIMINARY STUDIES 

T e s t  Models 

The type of window used i n  t h i s  study i s  i l l u s t r a t e d  schematically i n  f ig -  
ure 1. 
1/8 inch thick.  The g lass  w a s  mounted on i t s  frame with g l az i e r ' s  points  and 
sealed with put ty  as i n  conventional r e s iden t i a l  construction. 
i l l u s t r a t e d  i n  t h e  right-hand sketch of t he  f igure.  The put ty  was allowed t o  age 
and cure f o r  6 t o  8 months before t e s t ing  so t h a t  t he  put ty  could a t t a i n  i t s  max- 
i m u m  working strength and provide a more typ ica l  edge condition. 

The window w a s  a 36-inch-square p la in  window having double strength g lass  

T h i s  mounting i s  

For a l l  p r a c t i c a l  purposes g lass  i s  an isotropic ,  homogeneous material and 
can be analyzed by standard p l a t e  theory. Glass has a l i nea r  s t ress -s t ra in  curve 



with a modulus of e l a s t i c i t y  E . 
approximately equal t o  10 x 106 
pounds per square inch and a 
Poisson's r a t i o  of 0.23, on the 
average (ref. 1). The w e i g h t  
densi ty  of t h i s  glass w a s  
approximately 0.0894 l b  /cu in .  
Experience of other  investiga- 
t o r s  i n  this f i e l d  has shown 
that g lass  f a i l u r e  always 
results from a t e n s i l e  compo- 
nent of stress (refs. 1 
and 2). 

For dynamic tes ts  the  
window w a s  mounted on an enclo- 
sure, as shown i n  the  bottom 
sketch of  f igure  1, with a 
volume Vo of 15 cubic feet. 

S t ress  Analysis 

It was ant ic ipated from 
the  l i t e r a t u r e  ( f o r  example, 
ref. 3) t h a t  t he  windows would 
respond i n  a nonlinear manner 
a t  a l l  but t he  very lowest 
sound-pre ssure l eve l s .  Bending 
s t r e s ses  predominate a t  low noise 
i s  l e s s  than the  p l a t e  thickness. 
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Figure 1.- Test models, enclosure, and 
strain-gage loca t ions .  

input l eve l s  where the  p l a t e  center def lect ion 
A t  the  higher noise leve ls ,  and hence a t  the  

l a rge r  center def lect ions,  the applied load w i l l  be reacted upon in par t  by 
d i r e c t  (o r  membrane) s t resses  i n  the  middle surface of t he  p la te .  
increases,  t h i s  membrane s t r e s s  w i l l  become an increasingly greater  percentage of 
t h e  t o t a l  outer f i b e r  s t r e s s .  

A s  t h e  load 

Experimental measurement of the s t a t i c  s t r e s s  d i s t r ibu t ion  i n  the  window w a s  
necessary f o r  three reasons. F i r s t ,  it w a s  desirable  t o  detemine the  degree of 
edge f i x i t y .  Second, all avai lable  theories ,  as summarized i n  reference 3, assume 
t h e  m a x i m u m  simply supported p l a t e  stress t o  occur at t he  center of the p la te .  
However, experience of various experimenters (refs. 4 and 5 )  has shown that t h e  
locat ion of this  m a x i m u m  outer f i b e r  stress l i e s  along a diagonal of the  plate 
and i n  a d i rec t ion  perpendicular t o  it. This locat ion appears t o  be a function 
of both the applied load and the  r a t i o  of p l a t e  thiclmess t o  span (ref. 5 ) .  
t he r  information w a s  desired i n  th i s  respect so t h a t  t he  minimum number of dynamic 
gages would be required. Final ly ,  i n  order t o  apply the  dynamic stress response 
theory, it w a s  necessary t o  measure the  stress response of t he  system per un i t  
s t a t i c  pressure. 

fir- 
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For the  purpose 
p l a t e ,  the  schematic 

(a) Bending strain 
d i s t r i b u t i o n .  

of reviewing the  nature of this combined s t r e s s  f ie ld  i n  the  
diagrams of f igure  2 a re  presented. I f  an element of the 

p l a t e  i s  subjected t o  a pure 
bending moment as indicated i n  
f igure  2(a) ,  t he  familiar anti- 

Uniform symmetrical bending s t r e s s  pat-  
t e r n  e x i s t s .  T h i s  pa t te rn  
va r i e s  l i n e a r l y  from tension on 
one side of t he  p l a t e  t o  com- 
pression on the other side and 
i s  zero at the neut ra l  ax is  of 
the  p la te .  This s t r e s s  i s  the  

load 

(b)  Direct  (membrane) s t r a i n  
d i s t r i b u t i o n .  

Strain gage - X only- s ign i f icant  s t r e s s  present 
i n  the p l a t e  when the  center 
def lect ions a re  l e s s  than the  
p l a t e  thickness. A t  higher 

s t r e s ses  a p p a r J  and t h e i r  dis-  
t r i b u t i o n  ecmss the  p l a t e  
thickness i s  shown i n  f i g -  

( c )  Combined loading. ure 2(b).  This d i r ec t  s t r e s s  
or membrane s t r e s s  i s  uniform 
across  the  p l a t e  thickness. I n  
the  general case, then, both 

bending and membrane s t r e s ses  e x i s t  a t  any point i n  the p la te .  It can be seen 
t h a t  a gage a t  locat ion X i n  f igure  2(c) measures the sum of the membrane and 
bending s t resses ,  whereas a s t r a i n  gage a t  loca t ion  Y measures the difference 
between the  membrane and bending s t resses .  

Strain gage - Y p l a t e  def lect ions d i r ec t  
Gage X measures sum of bending and membrane strains 

Gage Y measures difference between bending and membrane strains 

Figure 2.- S t r a i n  d i s t r i b u t i o n s  across  window thickness .  

For the  gage locat ions considered the pr inc ipa l  s t r e s s  d i rec t ions  were 
assumed t o  l i e  along the l i n e s  of symmetry and perpendicular t o  them. W i t h  the  
pr inc ipa l  s t r e s s  d i rec t ions  so assumed, the  pr inc ipa l  s t resses  can be evaluated 
by measuring the  corresponding pr inc ipa l  s t r a i n s  i n  the  d i rec t ions  of the pr in-  
c i p a l  s t r e s s  axes. 
s t r a i n s  by the  following b i a x i a l  s t r e s s  equation from reference 6: 

The pr inc ipa l  s t r e s ses  can be calculated from these pr inc ipa l  

where the subscripts 1 and 2 r e f e r  t o  the  pr inc ipa l  s t r e s s  direct ions.  A t  
the  center of t he  p l a t e  the  s t r a i n  i n  only one d i rec t ion  need be measured, because 
the  s t r e s s  f i e l d ,  from symmetry, i s  assumed the  same i n  a l l  direct ions.  

S t a t i c  Instrumentation and Test Procedures 

For the  s t a t i c  t e s t ,  the  windows were bolted securely t o  a plywood panel 
w i t h  a layer  of pu t ty  between t h e  plywood and t h e  window frame t o  prevent air 
leakage. 
pressure w a s  introduced i n t o  the  intermediate space so that the d i f f e r e n t i a l  

The put ty  s ide of the window w a s  mounted facing the  plywood, and air  

4 



pressure exerted a force on the  put ty  side (high-pressure s ide)  of t h e  glass .  
Hence, t he  wooden window frame instead of t he  g l a z i e r ' s  po in ts  and put ty  reacted 
t o  the pressure load. The d i f f e r e n t i a l  pressure applied t o  t h e  window w a s  moni- 
tored on a w a t e r  manometer board. 

Bonded resis tance s t r a i n  gages were mounted back-to-back on both s ides  of 
t he  p l a t e  i n  suf f ic ien t  a r r ay  ( f ig .  1) t o  permit the s t r e s s  d i s t r ibu t ion  t o  be 
measured s t a t i c a l l y  and a l so  t o  allow dynamic stresses t o  be measured with t h e  
center s t ra in  gages at a later time. 
window and the B gages were d i r e c t l y  opposite on t h e  other side of t he  window. 
The gage numbers 2, 4, 6, . . . refer t o  the  locat ions indicated i n  figure 1. The 
s t r a i n  gages w e r e  wired i n t o  a simple switching network such that each gage i n  
turn could be switched i n t o  the  same bridge network and t h e  s t r a i n s  read i n  
sequence. The system w a s  temperature compensated by means of conventional 
techniques. 

The A gages w e r e  on the put ty  s ide of t he  

A l l  the  s t ra in  gages w e r e  read separately; t h a t  is ,  no attempt w a s  made t o  
separate the  bending and membrane s t r a ins  e l e c t r i c a l l y  during the  s t a t i c  t es t  
because one of t h e  purposes of t he  s t a t i c  tes t  w a s  t o  proof-test  each strain-gage 
in s t a l l a t ion .  The strain-gage outputs were measured w i t h  a conventional s t a t i c  
s t r a i n  indicator .  The t es t  procedure f o r  the s t a t i c  tes t  w a s  t o  take zero 
readings a t  zero different ia l .  pressure from the  s t r a i n  gages, increase the  pres- 
sure t o  t h e  desired tes t  value, hold the  pressure constant, take data f rom the 
s t r a i n  gages, and then immediately release the  pressure and again take zero 
readings on a l l  instruments. This technique insured t h a t  the  zero s h i f t  due t o  
temperature w a s  negl igible .  It w a s  a l so  necessary t o  check the  switch t o  assure 
t h a t  it w a s  not introducing any varying resis tance i n t o  one arm of the bridge 
t h a t  would make the  readings invalid.  No detectable zero s h i f t  w a s  observed 
during the  course of any one pressure loading, and the  s t r a i n  gages always 
returned t o  the i n i t i a l  zero reading within an accuracy of *5 microinches per 
inch. T h i s  check confirmed t h e  v a l i d i t y  of the t e s t  instrumentation design. 

The strain-gage data  w e r e  checked and corrected, i f  necessary, f o r  lead-wire 
res is tance e f f ec t s ,  distance of f o i l  filament from p la t e  center l i ne ,  and p l a t e  
r e s t r a i n t  e f f ec t s .  The f i n a l  s t r a i n  data  a re  va l id  t o  an accuracy of about 
5 percent. 

RESULTS AND DISCUSSION 

Results of S t a t i c  Measurements 

The correctel data  from t h e  s t a t i c  tests are tabulated -3 t ab l e  I. It should 
be noted that the  difference i n  the  s t ra in  readings f o r  gages 6 and 12 w a s  due t o  
t h e  presence of g l a z i e r ' s  po in ts  at  in t e rva l s  along the  edge. 
points  changed t h e  edge condition i n  t h e i r  immediate v ic in i ty .  
t h e  bending and membrane s t r a i n s  are separated and l i s t e d  i n  tables I1 and 111, 
respectively.  The maximum t o t a l  t ens i le  s t r e s ses  on the  low-pressure side of t he  
window ( the  most highly s t ressed side) w e r e  calculated by using the b i ax ia l  stress 
equations from the strains i n  t ab le  I and are l i s t e d  i n  t a b l e  I V .  The bending and 

These g laz i e r ' s  
From this tab le ,  
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TABU3 I.- CORRECTED MEASUFED STRAIN AS A FUNCTION O F  

+55 
+85 

+io0 
+io5 
+ U O  
+112 
+120 

UNIFORM STATIC DIFFEBBWIAL PRESSURE 

+55 
+80 
+98 
+iio 
+113 
+115 
+123 

[Pressure applied t o  A gage s ide  of plate; 
plus  sign denotes tension3 

Strain,  pin./in. fo r  gage - Differen t ia l  
pressure , 

cm H20 A-18 

-50 
-85 

-125 

-170 
-143 

-175 
-215 

B-18 

+45 
+75 

+115 
+140 
+170 
+185 
+210 

~. 

A-12 

-15 
-40 
-85 

- u 5  
-130 
-140 
-160 

B-12 

0 
-40 
- 70 
-80 
-115 
-120 
-155 

A-14 

-5 
-10 
-25 
-20 
-15 
-20 
-15 

B-14 

+15 +w 
+75 
+95 

+120 
+125 
+155 

A-16 

-65 
-130 
-175 

-225 

-270 

B-16 

-205 

-240 

+65 
+95 

+I35 
+155 
+175 
+195 
+210 

A-2 A-4 

-55 
-65 
-80 
-85 
-75 
-75 - 75 

B-4 

~ 

+55 
+95 
+115 
+135 
+1Y 
+155 
+170 
-~ 

A-6 

-10 
-20 
-40 
-50 
-55 
-60 
-70 

B -6 

-10 
-50 
-85 

-100 
-125 
-155 
-175 

A-10 

0 
-5 

-10 
-5 

-10 
-5 
-5 

B-10 

+5 
+25 
+30 
+40 
+55 
4 5  
430 

A-20 

+15 
+15 
+25 
+35 
+45 
+40 
+55 

B-20 

-15 
-25 
-45 
-45 
-55 
-50 
-60 

A-a 

-5 
-5 
-5 

-15 
-15 
-10 
-15 

B-8 

0 
+20 
+30 
+w 
+65 
+75 
4-85 

2 
4 

-55 
-75 
-80 
-80 
-75 
-75 
-75 

B-2 

r 

b 
8 

10 
12 
14  

Dif fe ren t ia l  
pressure, 

cm H20 

2 
4 
6 
8 

10 
1 2  
14 

+55 
+95 

+120 
+130 
+145 
+150 
+165 

TABLE II.- BENDING STRAIN AS FUNCTION O F  UNIFORM STATIC DIFEIEIIEIVI'IAL PRFSSURE 

[Listed r e s u l t s  a re  f o r  B s ide of p la te ;  A s ide of p l a t e  has same 
s t r a i n  magnitude but opposite sign; p lus  sign denotes tension] 

Dif fe ren t ia l  
pres  sure , 

c m  H20 
1 

2o I 
-15 
-20 
-35 
-40 
-w 
-45 
-58 

Stra in ,  pi.n./in. f o r  gage locat ion - 
6 

0 
-15 
-23 
-25 
-35 
-48 
-53 

8 

+2 
+13 
+18 
+33 
+40 
+43 
+50 

10 

+2 
+15 
+20 
+23 
+33 
+35 
+43 

12 

+8 
0 
+8 

+18 
+8 
+10 
+3 

14 

+10 
+30 +w 
+58 
+68 
+73 
+85 

16 

+63 
+113 
+155 
+180 
+200 
+218 
+240 

18 

+48 
+eo 

+120 
+142 
+170 
+180 
+2l2 

l 4  
2 
4 
6 
8 

10 
12 
14 
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TABm 111.- MEMBRANE STRAIN AS FWNCTION OF UNIFORM STATIC DI- PRFSSW 

k t r a i n s  l i s t e d  are uniform across  the thickness cross  section: 

-3 
-5 
-5 
-3 
0 

+5 
-3 

L 

0 
-5 

-10 
-5 
-5 
-5 
-3 

p lus  sign denotes tensiorij 

S t ra in ,  pin./ in.  f o r  gage locat ion - Differen t ia l  
pres  sure, 

cm %O 
I 

16 4 

0 
+15 
+18 
+25 
+38 
+40 
+48 

6 

-10 
-35 
-63 
-75 
-90 

-123 
-107 

8 

-3 
+8 

+I3 
+18 
+25 
+33 
+35 

18 I 20 2 

0 
+10 
+20 
+25 
+35 
+38 
+45 

10 

+3 
+10 
+LO 
+18 
+23 
+30 
+38 

12 

-8 
-40 
-78 
-98 
-123 
-130 
-158 

I 
+5 

+20 
+25 
+38 
+53 
+53 
+70 

~~ 

0 
-18 
- 20 
-25 
-25 
-23 
-30 

2 
4 
6 
8 

10 
12 
14 

ua2/Et2 AS FUNCTION TABLE IV.- DIMENSIONLESS MAXIMUM TOTAL TENSILF S m S S  

4 4  OF DIMENSIONLESS UNIFORM STATIC DIFFERENTIAL PRESSURE qa /n 
FOR B SIDE OF PLAtITE 

E t r e s s  d i rec t ion  i s  same a s  t h a t  indicated by strain-gage 
locat ion i n  f igure  1; plus sign denotes tension] 

f o r  gage locat ion - 

6 

-0.85 
-3.95 
-6.80 
-7.70 
-9 65 

-12.10 
-13.60 

Et4 

19.5 
39.0 
58.5 
78.0 
97.5 

117.0 
136-5 

14 

+2.60 
+6.30 
9 - 3 0  

+11.45 
+14.05 
+14. go 
+17* 75 

10 

w.45 

+1.25 
+1.90 
+2.55 
+3 25 
+3 85 

+1.40 

12 

w.10 
-3.00 
-5.50 
-6.25 
-8.90 
-9.20 

-12.00 

16 

+5 95 
9 .40  

+13.30 
+15 50 
+17.75 
+19.60 
+a. 60 

~ 

18 

+3 70 
+6.05 
+9.20 

+11.40 
+13 - 75 
+i5.. 15 
+17.20 

+5.95 
+io. 25 
+12.95 
+14.05 
+15.60 
+16.20 
+17.75 

+5.95 
+lo. 25 
+12.40 
+14.50 
+16.30 
+16.80 
+18.25 

-0.45 
-0.70 
-1.65 

-1.40 
-0.60 
-1.05 

-1.15 

I 
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membrane s t r e s ses  at the  center of the window were calculated,  averaged, and 
p lo t ted  in f igure  3 .  

In the  upper portion of f igure  3 t he  dimensionless outer-fiber bending s t r e s s  
a t  the center of the g l a s s  panel 
s ionless  s t a t i c  d i f f e r e n t i a l  pressure qa4/E%4. The experimental s t r e s ses  a re  
compared with the  theo re t i ca l  predict ions obtained by the nonlinear simply sup- 
ported theory ( r e f .  7) and a l s o  by the  l inear ized  simply supported r e l a t ion  
( r e f .  8), which i s  va l id  only f o r  p l a t e  center def lec t ions  l e s s  than the thick-  
ness. It can be seen t h a t  t he  measured s t r e s ses  a r e  somewhat higher than the  
s t r e s ses  obtained from nonlinear theory at low s t a t i c  pressures; t h i s  difference 
i s  perhaps due t o  uneven support at  the  edges. A t  higher values of pressure the 
measured data  agree qui te  wel l  with the data  calculated by the  nonlinear simply 
supported theory. It should be noted t h a t  t he  theo re t i ca l  curves are  calculated 
f o r  a Poisson’s r a t i o  of 0.316 ra ther  than the  0.23 value estimated fo r  t he  window 
glass .  

t he  nonlinear simply supported theory i n  the lower portion of f igure 3 ,  and good 
agreement i s  observed. 

The t o t a l  m a x i ”  t e n s i l e  s t r e s s  a t  t h e  center of t he  window i s  plot ted 
against  pressure i n  f igure  4 and compared with data  from the  l i n e a r  and nonlinear 

ua2/Et2 i s  p lo t ted  as a function of the dimen- 

The measured membrane s t r e s ses  a t  the  center  of the  window are  compared with 

0 
0 

Experimental bending stress, p -0.23 

Experimental membrane stress, p 10.23 

Nonlinear simply supported theory. 
pzO.316, (ref.7) 

p 0.316, (ref. 8) 
_ _  Linearbed simply suppwted theory. 

I 0 

Figure 3 . -  Outer-fiber bending and membrane 
s t r e s ses  a t  center of window a s  a function 
of uniform s t a t i c  pressure.  

0 

l o  I I / I /  

0 Experiment.p ~ 0 . 2 3  

Nonlinear simply supported 
p.O.316, (ref 71 

0 Experiment.p ~ 0 . 2 3  

Nonlinear simply supported 
p.O.316, (ref 71 

theory, 

Linearized simply supported theory. 
pzO.316, (ref.8) 

0 20 40 60 80 100 120 140 

Figure 4.- Tota l  t e n s i l e  s t r e s s  at center of 
window as a function of uniform s t a t i c  
pres  sure. 
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simply supported theor ies  of references 7 and 8. 
measured data  and t h e  da ta  calculated by nonlinear simply supported theory i s  
good. It should be repeated here tha t  it i s  the  m a x i m u m  t e n s i l e  stress i n  the 
window which causes f a i lu re .  

Again the  agreement between the  

pressures, t h e  quarter-  
diagonal s t r e s s  becomes dom- 
inant  and tends t o  increase 2 0  
faster than the  center 

/ 
n' - 

/ 
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Discussion of Dynamic Measurements 

For the  dynamic tests,  t he  window models were exposed t o  random noise from a 
la rge  blowdown wind tunnel generating a m a x i "  t h rus t  of 1/2 mill ion pounds f o r  a 
w i d e  range of sound-pressure l eve l s  (ref. 9). 
oriented so tha t  a l i n e  drawn normal t o  t he  plane of the  window w a s  a l so  perpen- 
d icu lar  t o  the th rus t  axis of t he  jet. The sound w a s  measured with a conventional 
condenser microphone located near the edge of the window about half'way up and 
recorded on a portable AMtape recorder. Frequency analyses of t h i s  recorded 
noise w e r e  later performed by means of a constant percentage bandwidth analyzer 
( l /3 octave band). 
response below 50 cps. 

For a l l  tes ts  the window w a s  

A l l  taped data were corrected f o r  t he  drop i n  recorder 

For purposes of this investigation, the  stress a t  t h e  center of the window 
w a s  used as the  response c r i te r ion .  The center locat ion i s  considered t h e  best 
select ion for several  reasons. In the  fundamental mode of vibration, the  center 
stress provides a reasonable estimate of t he  maximum s t r e s s  occurring somewhere 
along the diagonal. For higher modes of vibrat ion,  t h e  center locat ion i s  pre- 
ferred as the most su i tab le  location t o  sample a l l  the  odd-numbered modal 
re sponse s . 

For the  purpose of reducing the  strain-gage instrumentation required, the 
s t r e s s  f i e l d  at the center of the window w a s  assumed t o  be uniform i n  all direc- 
t ions.  T h i s  assumption i s  s t r i c t l y  t r u e  only f o r  the  symmetrical mode shapes 
such as the  (l,l), (3,3), ( 3 , 3 ) ,  (7,7), and so  on. Some e r ro r  w i l l  be present 
f o r  t he  unsymmetrical mode shapes such as the ( l ,3) ,  (1,5), (3,5), e t  cetera ,  but 
t h i s  e r ro r  w a s  not considered relevant t o  t h i s  study. The four  s t r a i n  gages a t  
t he  center of the  window ( f ig .  1) were wired in to  bridges so as t o  allow bending 
and membrane s t r a i n s  t o  be read separately. Provision f o r  measuring bending 
s t r a i n s  independently of membrane s t r a ins  w a s  made by wiring the gages on opposite 
sides of t he  window in to  adjacent arms of a bridge. Likewise, measurement of mem- 
brane s t r a ins  independently of bending s t r a i n s  w a s  provided by wiring gages on 
opposite sides of the  window in to  opposite arms of a bridge (ref. 6).  
strain-gage bridges were attached t o  conventional 3-kilocycle c a r r i e r  amplifiers 
and recorded on oscil lographs having a f la t  frequency response from DC t o  600 cps. 
I n  addition, the output from the bending s t r a i n  bridge a t  the center of the panel 
w a s  recorded on the  same tape recorder as the  noise record t o  allow subsequent 
frequency analysis.  
enclosure i l l u s t r a t e d  i n  f igure 1. 

These 

For these dynamic tes ts  the  window w a s  mounted on the  test  

The fundamental frequency fo  and damping r a t i o  6 of the  window w e r e  meas- 
ured by use of a low-amplitude decay damping technique. I n  free air ,  fo  w a s  
measured as 21 cps and 6 as 0.034. Theoretically,  fo w a s  calculated (ref. 10) 
t o  be 19 cps f o r  a simply supported edge and 34 cps f o r  a clamped edge. 
dow w a s  therefore  judged t o  be very near ly  simply supported i n  i t s  frame. 

The win- 

When the  window w a s  mounted on the  enclosure, t he  measured fundamental fre- 
quency increased t o  33 cps because of t he  s t i f f n e s s  contributed by the  a i r  trapped 
i n  the  enclosure. This frequency agrees we l l  with the  calculated value of 31 cps. 
(See appendix A . )  
mounted on the  enclosure. 

The damping r a t i o  increased t o  0.042 when t h e  window w a s  

10 



Dynamic T e s t  Results 
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The sound-pressure spectra for t he  two pr inc ipa l  t es t  locations are shown i n  
upper spectrum w a s  measured a t  a ''close'' tes t  location 70 feet  

- 

- 

I 
10 

f igure  6. The 

Close location, 70 feet from tunnel exil on o line 4 5 O  from tunnel oxis 

For location, 500 feel from tunnel exit on a line 5 5 O  from tunnel axis 

I I I I 1  I l l 1  1 I I 1 1 1 1 1 1  ~ 

Frequency, cps 

Figure 6.- Sound-pressure spectrum, one-third octave band, f o r  the  close and 
f a r  tes t  loca t ions .  

f rom the  tunnel e x i t  and on a l i n e  4-3' from the  tunnel axis. 
i s  very nearly f l a t .  The lower spectrum w a s  measured a t  a ''far" tes t  locat ion 
500 f e e t  from the tunnel e x i t  on a l i n e  5 5 O  from the  tunnel axis .  

The spectrum shown 

Bending- and membrane-strain time h i s t o r i e s  f o r  a r e l a t ive ly  low noise l e v e l  
a t  the f a r  t e s t  locat ion are shown i n  f igure 7. The sound-pressure l e v e l  w a s  
134 db (referenced t o  0.0002 
dyne/cm2) overal l ,  and 117 db 
i n  a one-third octave band cen- 
te red  at 35 cps, the  average 
fundamental frequency f o r  sev- 
eral  tes t  windows. The s t r e s ses  
indicated i n  the  f igure  w e r e  
calculated from the  s t r a i n s  by 
using e l a s t i c  theory as 
explained i n  the  previous sec- 
t i o n  "Stress Analysis. " The 
bending-strain time h is tory  
exhib i t s  the appearance of an 
amplitude modulated sine wave 
which i s  the c l a s s i ca l  response 

Zero to peak stress 

Bending 1,180 psi 

+- 0.5 sec -4 
Membmne 235 psi 

Figure 7.- Bending and membrane s t r e s s  responses a t  center  
of window exposed t o  an o v e r a l l  random sound-pressure 
l e v e l  of 134 db (EL7 db i n  a one-third octave band cen- 
t e r e d  a t  35 cps) a t  far  locat ion.  An upward def lec t ion  
corresponds t o  a t e n s i l e  stress. 
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of a low damped, single-degree-of-freedom system t o  a random input. The membrane- 
s t r a i n  t i m e  h i s tory  exh ib i t s  t he  appearance of a r e c t i f i e d  s ine wave, and t h e  
magnitudes are r e l a t i v e l y  s m a l l .  Hence, t h e  window response at t h i s  noise input 
l e v e l  can be considered t o  be very similar t o  t h a t  f o r  a l i n e a r  system. 

A t  the  higher-input sound-pressure l eve l s  corresponding t o  the  close tes t  
locat ion,  t he  membrane- and bending-strain time h i s t o r i e s  are markedly d i f f e ren t  
as i l l u s t r a t e d  i n  f igu re  8. The sound-pressure l e v e l  w a s  149 db overa l l  and w a s  

132 db i n  a one-third octave band cen- 

Zero lo peok stress 

3,370 PSI 
Bending 

E 0.1 sec _i 
Membrone 2,320 PSI 

Figure 8.- Bending and membrane s t r e s s  
responses a t  center  of window exposed t o  
an o v e r a l l  random sound-pressure l e v e l  of 
149 db (132 db i n  a one-third octave band 
centered a t  35 cps) a t  c lose  loca t ion .  
An upward def lec t ion  corresponds t o  a 
t e n s i l e  stress. 

t e r ed  a t  35 cps. I n  t h i s  f igure  the  
bending stress response no longer 
exh ib i t s  t he  charac te r i s t ics  of a l i n e a r  
system. There i s  a de f in i t e  indicat ion 
of response i n  vibrat ion modes of higher 
order, and t h i s  r e s u l t  w a s  observed a l so  
by means of high-speed motion p ic tures .  
Furthermore, t h e  membrane s t r e s ses  a re  
of the  same order of magnitude as the 
bending s t r e s ses  . 

For t h e  purpose of evaluating the  
multimodal responses a t  the  close t e s t  
locat ion,  t he  bending s t r a i n  response 
a t  the  center of one tes t  window w a s  
tape recorded, and the  frequency w a s  

analyzed l a t e r  by using a continuously var iable ,  narrow-band, constant percentage 
(8 percent) bandwidth analyzer. The noise l e v e l  fo r  t h i s  t es t  w a s  136 db ove ra l l  
and 110 db i n  a one-third octave band centered a t  35 cps. 
except fo r  t he  sound-pressure l eve l ,  w a s  shaped very near ly  the same as the  upper 
spectrwn i n  f igure  6. 
against  frequency i n  f igure  9. 

This noise spectrum, 

The r e s u l t s  f o r  s t r a i n  a re  p lo t ted  as r e l a t ive  l e v e l  
The two dominant modes are the  fundamental (1,l) 

IO -30 I . I  I I I I I I I  I I I I  
20 50 100 200 500 

8 percenl bandwidth cenfer frequency, cps 

I I I  I 1  
1000 

Figure 9.- Level of bending s t r a i n  ( r e f e r r e d  t o  s t r a i n  at  32 cps) a t  center  of 
window exposed t o  an o v e r a l l  random sound-pressure l e v e l  of 136 db (110 db i n  
a one-third octave band centered at 35 cps) .  
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a t  32 cps (appendix A) and the  so-called second symmetrical or  (l,3) mode a t  
94 cps. It can be seen i n  the  following tab le  t h a t  the  measured frequencies f o r  
t he  higher modes of the simply supported p l a t e  agree w e l l  with theory (ref. 10) : 

Measured frequency, 
CPS 

94 
1-65 
230 
315 
440 

Calculated frequency, 
CP S 

94 
168 
244 
318 
468 

Note t h a t  the  odd-numbered modes, which have a net  
surface displacement, are dominant. 

From s t r a i n  time h i s t o r i e s  such as those of f igures  7 and 8, the  peak outer- 
f i b e r  bending and membrane s t resses  at t he  center of t h e  window have been deter-  
mined and are  l i s t e d  i n  t ab le  V. These s t resses  are  p lo t ted  i n  f igure  10 as a 

TABLE V.- DYNAMIC TENSILE BENDING AND MEMBRANE STRAINS AND 

STRESSES AT CENTEX OF TEST WLNDOWS 

Sound-pre s sure l eve l  Strain,  pin. / in .  
(one-third octave )I- 

102 
104 
105 
115 
117 
117 
118 
118 
118 
120 
124 
124 
126 
126 
134 
136 
136 
136 
136 

Bending 

24 
26 
24 
62 
93 
100 
86 
91- 
104 
105 
98 
110 
105 
119 
244 
230 
184 
259 
259 

Membrane 

1 
1 
1 
9 
20 
19 
15 
18 
25 
23 
18 
23 
22 
23 
102 
102 
169 
174 
178 

Total 

25 
27 
25 
7-J- 
113 
119 
101 
109 
129 
128 
116 
1-33 
127 
142 
346 
332 
353 
433 
437 

Bending 

310 
340 
310 
805 

1,210 
1 , 300 
1,120 
1 180 
1,350 
1,365 
1,275 
1,430 
1,365 
1,545 
3,170 
2,990 
2,390 
3,370 
3,370 

Stress ,  psi  

Membrane 
~ 

15 
15 
15 
120 
260 
245 
195 
235 
325 
300 
23 5 
300 
285 
300 

1,330 
1 , 330 
2,200 
2,260 
2 , 310 

function of the sound-pressure l e v e l  i n  a one-third octave band centered at 
35 cps. A t  sound-pressure l eve l s  below the  110-db one-third octave band, the 
bending s t resses  predominate. A t  intermediate sound-pressure l eve l s  around the  



5,000- 

2,000 - 

1,000 - 

500 - 
._ 
Y) a 
111- 

g 
111 

20,000r 

l0,OOO 

5,000 

- 4 Experiment (no damoge) 

0 Failure points 
Miles theory, Appendix B 

- 

- 

t I 

._ 
Ln a 
111- 2,000- 
u 
111 

" 
- 
- 
2 
2 

D 
1,000- 

500 

200 

__O Bending Stress 

-4 Membrane stress 

0 ,  Failure points 

- 

- 

I I I I I 
100 ll0 120 I30 140 

Sound pressure level, db (me-third octave bond centered at 35 cps) 

1 
l o o  9'0 

I F  Figure 11.- Tota l  peak outer - f iber  t e n s i l e  
I I I I stress a t  center  of window due t o  random 
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Sound pressure level, db 
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120-db one-third octave band, the membrane 
s t resses  are  about 14 db below the  bending Figure 10.- Peak outer-f iber  

bending and membrane stress s t resses .  A t  the  highest sound-pressure l eve l s  
components a t  center  of window of 135 db, the  membrane s t resses  are within 

4 db of the  bending s t resses  and are increasing exposed t o  random noise. 

rapidly.  Therefore, the  window responds i n  an 
increasingly nonlinear manner as the  noise l e v e l  

increases. The so l id  c i r c l e s  and squares represent t h e  bending and membrane 
s t resses  a t  f a i l u r e  f o r  two windows. The t o t a l  t e n s i l e  s t r e s s  a t  the  center of 
t he  window i s  the  sum of these bending and membrane s t resses .  T h i s  t o t a l  stress 
i s  plot ted i n  f igure  11 as a function of the  sound-pressure l e v e l  i n  a one-third 
octave band centered at the  window fundamental frequency of 35 cps. A s  i n  f ig -  
ure 10, t he  open symbols indicate  no apparent damage t o  t h e  window, whereas the  
sol id  symbols a re  associated with ac tua l  f a i l u r e  during tests. The peak s t r e s s  
values increase as the  sound-pressure-level values increase, but i n  a nonlinear 
manner. 
5,700 ps i .  
of 126 db (144 db overal l )  and 132 db (149 db overa l l ) ,  respectively. 

Breakage occurred f o r  two models a t  s t r e s s  leve ls  of about 4,500 p s i  and 
These values correspond t o  one-third octave band sound-pressure l eve l s  

14 



Comparison of Measured Dynamic Response W i t h  Theory 

Because of obvious i n t e r e s t  i n  t h e  possible predict ion of maxi” stresses 
due t o  random loading i n  a window, some calculations based on the procedure of 
M i l e s  i n  reference 11 have been made (appendix B) , and the  results are compared 
with the  experimental values i n  f igure  11. It can be seen that good agreement 
between theory and experiment e x i s t s  f o r  the  low noise input pressures. A t  higher 
noise input pressures the measured s t resses  a re  lower than the  calculated s t r e s ses  
because of t h e  nonl inear i ty  of the  s t r e s s  curves and the  multimodalbehavior of 
the  model. 
fo r  which the window response i s  approximately l i nea r  and occurs primarily i n  the 
fundamental mode. A t  t he  higher noise l eve l s  the l inear theory overestimates the  
window panel stress response because the window i s  behaving i n  both a nonlinear 
and a multimodal manner. It should a l so  be noted that the  na tura l  frequency and 
damping of the  p l a t e  w i l l  change at the  l a rge r  vibrat ion amplitudes (ref. 12). 
Furthermore, the  simple theory i s  not s t r i c t l y  correct  because t h e  spring st iff-  
ness of the  enclosure a i r  w a s  neglected. 

Thus, t h e  l i n e a r  theory i s  applicable only a t  the lower noise l eve l s  

CONCLUDING RENARKS 

The measured s t resses  a t  the  center of t he  p l a t e  under uniform pressure 
loading were i n  good agreement with theory f o r  a l l  values of d i f f e r e n t i a l  pres- 
sure. However, it w a s  observed tha t  the  maximum stress i n  the simply supported 
p l a t e  w a s  located a t  the center of the p l a t e  only f o r  the  l i n e a r  response region. 
A s  t h e  response became increasingly nonlinear, the  maximum s t r e s s  locat ion 
migrated along the  diagonals away from the center of the  p la te ,  a r e su l t  t h a t  w a s  
observed i n  other recent invest igat ions but i s  not explained by available theory. 

The peak t e n s i l e  s t r e s ses  at t he  center of the p l a t e  exposed t o  random noise 
were compared with theo re t i ca l  s t resses  estimated by the  procedure of M i l e s .  
Good agreement w a s  observed a t  low noise l eve l s  where the p l a t e  response w a s  
approximately l i nea r .  
nonlinear i n  a hard-spring manner and hence the  theory overestimated the actual  
s t resses .  

A t  higher noise l eve l s  the  response became increasingly 

Langley Research Center, 
National Aeronautics and Space Administration, 

Langley Stat ion,  Hampton, V a . ,  August 15, 1963. 



EST= OF THE FUNDA"TAL FREQUENCY OF A SIMPLY 

SUPPORTED PLATE MOUNTED ON AN ENCLOSURE 

When t h e  panel i s  mounted on an enclosure, t he  apparent fundamental frequency 
of t he  window i s  increased as a r e s u l t  of the  s t i f f n e s s  of t h e  a i r  trapped i n  the  
enclosure. The spring s t i f f n e s s  of the a i r  i n  the  enclosure i s  i n  phase with t h e  
physical s t i f fness  of t he  p la te ,  and hence these s t i f fnes ses  add l inear ly .  
following analysis i s  permissible because the  fundamental wavelength of t he  panel 
i s  much greater  than the depth of t he  a i r  column behind the panel. 

The 

The fundamental frequency of vibrat ion f i s  proportional t o  the  square 
root of the  s t i f f n e s s  k: 

Define 

kl physical s t i f fness  of panel 

k2 a i r  spring s t i f fnes s  

fa  frequency of panel due t o  kl 

frequency of panel due t o  kl and % ac t ing  together fb  

The following re la t ions  can then be wri t ten:  

Combining these re la t ions  yields  

f a  kl 
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The physical s t i f f n e s s  kl of the  panel can be described by 

where 

the  panel an amount wl. 
ql i s  the  uniform d i f f e r e n t i a l  pressure required t o  def lec t  the  center of 

Fromthe l inear ized simply supported p l a t e  theory (ref. U) ,  the r a t i o  of 
pressure t o  center def lect ion ( f o r  p = 0.3) i s  given by 

qlA - Et3A 

w1 0.044a4 % = - -  

The a i r  spring s t i f f n e s s  can be s imilar ly  defined by the  uniform pressure 
change q2 i n  the  enclosure due t o  a center def lect ion w2 o r  

The def lect ion surface of the fundamental mode can be approximated according t o  
reference 10 as:  

* cos - w = w2 cos - a a 

when the or ig in  of coordinates x and y i s  located a t  the center o f  the p la te .  
The volume of a i r  displaced by t h i s  deflected surface i s  

Subst i tut ing equation (4) i n to  equation ( 5 )  and integrat ing gives 

To evaluate the  corresponding pressure change, consider t h a t  this process i s  very 
nearly adiabat ic  i n  the  frequency range of i n t e r e s t .  Hence, 

q ~ y  = Constant = %v,Y 



o r  

Y 9 = (+) 
s, 

where s, and Vo are the atmospheric pressure and the volume of air trapped in. 
t he  enclosure, respectively.  For a small change i n  volume and hence i n  pressure, 

V = V, - AV 

Introducing equations (8) and ( 9 )  i n to  equation (7) y ie lds  

Expanding the  volume terms i n  a binomial s e r i e s  and neglecting higher-order terms 
gives 

AV -Y - as, 
s, VO 

Introducing equations (6) and (11) i n to  equation ( 3 )  and l e t t i n g  q2 = 4 yields  

If equations (2) and (12) are subst i tuted i n t o  equation (1) , 

fa  

Equation (13) can be evaluated, from the known quant i t ies ,  as 

The calculated fundamental frequency fa  f o r  t he  simply supported square p l a t e  
alone i s  19 cps. The calculated fundamental frequency of this same panel, when 
mounted on the  enclosure, therefore,  increases t o  approximately 31 cps. 
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DYNAMIC RESPONSE THEORY 

The stress response of a l inear ,  l i g h t l y  damped, single-degree-of-freedom 
system t o  random loads can be estimated by applying Miles' theory (ref. 11) i n  
the  following form: 

- -  
2 SO 

f o r  which the  various quant i t ies  are 

SO 

prms (fo) 

f 0  

6 

root-mean-square dynamic stress a t  center of p l a t e  

s t a t i c  stress a t  center of window per uni t  s t a t i c  pressure 

input noise pressure i n  l b / f t2  divided by a t  panel 
fundamental frequency 

panel fundamental frequency 

panel damping as f rac t ion  of c r i t i c a l  damping 

For the  calculations,  So w a s  chosen t o  be 175 p s i  per lb/sq f t ,  which i s  
the  i n i t i a l  slope of the  s t a t i c  bending s t r e s s  response curve ( f ig .  3 ) .  
panel fundamental frequency fo  was 35 cps, the  average f o r  a l l  windows. The 
damping r a t i o  6 w a s  0.042, a value measured a t  low amplitudes of vibration. I n  
order t o  compare the calculated values with experimental measurements, the r a t i o  
of the peak t o  the rms value of the  stress-response time h is tory  i s  assumed t o  
be 3 i n  a l l  cases. This assumption presumes a Gaussian d is t r ibu t ion  of stress 
amplitudes, f o r  which 99.74 percent of a l l  s t r e s s  amplitudes w i l l  be equal t o  o r  
less than three ( 3 )  times the  rms stress. This theory i s  plot ted as the  s t ra ight  
l i n e  i n  f igure 11. Note t h a t  the spring s t i f f n e s s  of the enclosure a i r  w a s  not 
included i n  t h i s  calculation. If it had been included, So and, hence, the cal-  
culated root-mean-square stress oms would have been reduced. 

The 
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